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Entanglement is the crucial ingredient of quantum many-body physics, and characterizing and
quantifying entanglement in closed system dynamics of quantum simulators is an outstanding chal-
lenge in today’s era of intermediate scale quantum devices. Here we discuss an efficient tomographic
protocol for reconstructing reduced density matrices and entanglement spectra for spin systems.
The key step is a parametrization of the reduced density matrix in terms of an entanglement Hamil-
tonian involving only quasi local few-body terms. This ansatz is fitted to, and can be independently
verified from, a small number of randomised measurements. The ansatz is suggested by Conformal
Field Theory in quench dynamics, and via the Bisognano-Wichmann theorem for ground states.
Not only does the protocol provide a testbed for these theories in quantum simulators, it is also
applicable outside these regimes. We show the validity and efficiency of the protocol for a long-range
Ising model in 1D using numerical simulations. Furthermore, by analyzing data from 10 and 20 ion
quantum simulators [Brydges et al., Science, 2019], we demonstrate measurement of the evolution
of the entanglement spectrum in quench dynamics.

Quantum simulation realizes an isolated quantum
many-body system with dynamics governed by a de-
signed many-body Hamiltonian H [1–7]. The aim of
quantum simulation is to study and characterize equilib-
rium states and phases, and non-equilibrium dynamics
of this artificial quantum matter including their entan-
glement properties [8–10]. The Hamiltonian H plays a
unique role in determining these physical states of mat-
ter: either as ground state, H |ΨG〉 = EG |ΨG〉, as a
finite temperature state in the form of a Gibbs ensem-
ble ∼ exp (−βH); or as generator of the quench dynam-
ics with an initial (pure) state |Ψ0〉 evolving in time as
|Ψt〉 = exp (−iHt) |Ψ0〉. Physical Hamiltonians, how-
ever, consist of a small set of terms with quasi-local few-
body interactions. Thus, for a given H, only a small set
of physical parameters determines the accessible quan-
tum states and their entanglement structure.

For an isolated quantum system in a pure state
|Ψ〉, the entanglement properties of a bipartition
A :B are encoded in the Schmidt decomposition,
|Ψ〉 =

∑χA
α=1 λα |ΦαA〉 ⊗ |ΦαB〉 [9]. Here, λα are Schmidt

coefficients, and |ΦαA〉 are eigenvectors of the reduced den-
sity matrix,

ρA ≡ exp
(
−H̃A

)
=

χA∑
α=1

e−ξα |ΦαA〉 〈ΦαA| , (1)

with the Schmidt rank χA as proxy of entanglement.
Eq. (1) defines the entanglement (or modular) Hamil-

tonian (EH) H̃A, and the entanglement spectrum (ES)
{ξα} via λ2

α ≡ e−ξα . The EH, and its spectrum and
eigenvectors, thus fully specify the entanglement proper-
ties of the many-body wave function for the bipartition
A : B. They are crucial for our understanding of the role
of entanglement in quantum many-body systems, with
applications ranging from the detection and character-
ization of topological order and quantum phase transi-
tions to characterization of non-equilibrium phenomena

and thermalization in closed quantum systems [11–16].
In addition, the ES and in particular χA determine the
applicability of numerical techniques based on tensor net-
works [17].

The EH H̃A can in principle be found via quantum
state tomography (QST) of ρA [18–23]. However, with-
out strong assumptions on the state [20, 22], the re-
quired number of measurements for QST scales at least as
χA2NA , i.e. exponentially in the subsystem size NA and
with Schmidt rank χA [24–26]. Obtaining H̃A for highly
entangled states |Ψ〉, i.e. highly mixed ρA, generated in
quantum simulation, is thus an outstanding challenge.

Our goal is the development of experimentally feasible
measurement protocols to directly and efficiently deter-
mine H̃A for quantum states generated in quantum sim-
ulation. We approach the problem by choosing a phys-
ically motivated ansatz for H̃A consisting of a small set
of quasi-local few-body terms with variable parameters
g̃. The parameters are fitted to experimental data, ap-
proximating ρA with ρA(g̃) ∼ exp[−H̃A(g̃)]. We note
that ρA(g̃) has the form of a Gibbs ensemble, for which a
formal proof for efficient sampling can be found [27]. In
Appendix A, we describe the entire Entanglement Hamil-
tonian Tomography (EHT) protocol in more detail. In
brief, the protocol applies NU independent single-qubit
rotations, U =

⊗
i∈A ui and ui sampled from a unitary

2-design [28, 29], to the quantum state, followed by a
read out of spin states, repeated NM times.

The complexity of the ansatz H̃A(g̃) depends on the
physical system, and can be systematically expanded and
verified at each step of the process, possibly unveiling
new physics in the underlying quantum state. At the
base level, the ansatz consists of the system Hamilto-
nian restricted to the subsystem A, but with spatially
varying coefficients: for H =

∑
{i} h{i} being a sum of

quasi-local terms h{i} acting on some neighborhood of
lattice sites {i}, we write for the entanglement Hamilto-

nian ansatz H̃A(g̃) =
∑
{i}∈A g̃{i} h{i}+KA with param-
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FIG. 1. EHT in experimental quench dynamics: Time evolution of the ES {λ2
α ≡ e−ξα} in Hamiltonian quench dynamics

with a long-range transverse-field Ising model (2) (B � J) from an initial Nèel state |↑↓↑ . . .〉 on 10 and 20-spin trapped-ion
quantum simulators, for 5 and 7-spin partitions, as shown in the insets. a), c) ES as a function of time. Colored circles show
the eigenvalues of ρcoh

A (g̃) (defined in Eq. (A2) in the), obtained from EHT on experimental data with NM = 150 measurements
taken in NU = 500 different random bases. Solid lines show theoretical simulations of the Hamiltonian quench dynamics,
with different colors indicating the total magnetization of the Schmidt components. Orange colored bands in a) show the 68%
confidence interval obtained by repeatedly simulating the full EHT procedure with the same settings on the entire time interval.
Insets in a) and c): von Neumann entanglement entropy SA = −Tr(ρA log2 ρA) as a function of time. Black solid line indicates
exact results from simulation of coherent Hamiltonian dynamics. Colored points show SA extracted from EHT on experimental
data, obtained from the spectrum of ρcoh

A (g̃), while orange points show SA obtained from the full ansatz (see Eq. (A2) in
Appendix A) including imperfect initial state preparation and measurement errors. b), d) Reconstructed lowest eigenvalues
{ξα} of the EH in EHT at later times, and comparison with ES obtained from numerical simulations of exact Hamiltonian
dynamics. Error bars, calculated via Jackknife resampling, are mostly smaller than symbols.

eters g̃{i}. Possible extensions and corrections KA, with
corresponding parameters, can be added when required
(to be discussed below). Importantly, EHT allows for
directly verifying the correctness of the ansatz, by com-
puting cross-correlations between the experimental ob-
servations and predictions from ρA(g̃) (see Appendix B,
and [30]).

A physical motivation for the quasi-local ansatz involv-
ing few-body terms for EH comes from the Bisognano–
Wichmann (BW) theorem of axiomatic quantum field
theory [31, 32], and from Conformal Field Theory (CFT)
[33], and is implicit in the Li - Haldane conjecture [11, 34].
The BW theorem provides a closed form expression for

EH for ground states in systems with Lorentz invariance,
valid in all spatial dimensions [31, 32]. This theorem
states that, given a system with a Hamiltonian density
H(x) and a half-partition A of the infinite plane (denoted
here for simplicity as x > 0), the EH of the ground state

reads H̃A = 2π
∫
x∈A dx [xH(x)]+c′, where c′ is a normal-

ization constant. The BW theorem thus predicts that the
EH of the ground state is built from just local and few
body terms, as appearing in the original Hamiltonian,
and the reduced density matrix to have the structure
of a Gibbs state ρA ∼ exp

[
−
∫
x∈A dxβ(x)H(x)

]
with a

spatially dependent local inverse ‘temperature’ β(x) ∼ x.
While the BW theorem applies strictly speaking only to
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infinite systems and the continuum, although in all spa-
tial dimensions, BW is readily adapted to finite size lat-
tice models. Numerical simulations demonstrate remark-
able ability to predict the ES for a range of interacting
many-body models [12] (see also [35–38]).

In a similar way, CFT makes specific predictions in
1 + 1d about the structure of the EH for ground states,
and for quantum quenches to a critical point [16, 39, 40].
Consistent with a quasi particle picture, this EH has
again a local structure with contributions from the energy
(Hamiltonian) and a momentum density (see Appendix
G). This suggests corrections to the above deformed
Hamiltonian ansatz for the EH, i.e. physical predictions
which can be tested with EHT. For long times, CFT de-
scribes the emergence of a local thermal equilibrium in
form of a (generalized) Gibbs ensemble. EHT thus pro-
vides a direct and fine-grained testbed for BW and CFT
predictions in quantum simulation experiments. We em-
phasize, however, that a quasilocal EHT ansatz can also
be applied, tested and verified in regimes outside the im-
mediate validity of BW and CFT, as discussed below,
as well as for higher spatial dimensions and in the pres-
ence of local noise and decoherence (see Supplementary
Information).

In Fig. 1 we demonstrate the EHT protocol in an ex-
perimental setting [4], extracting the time evolution of
the Schmidt spectrum {λ2

α ≡ e−ξα} in quench dynamics
on 10 and 20-spin trapped-ion quantum simulators for 5
and 7-qubit partitions. The analog quantum simulator
implements a long-range transverse Ising model [3, 4],
where an initial product state evolves towards a highly
entangled state. Figs. 1 a) and c) demonstrate the abil-
ity of EHT to faithfully extract the Schmidt spectrum,
and thus the Von Neumann entropy, from a small num-
ber of measurements, while Figs. 1 b) and d) show ex-
cellent agreement of the experimentally inferred ES with
the theoretical predictions. Moreover, employing the ver-
ification protocol described in [30], we are able to experi-
mentally verify the fidelity of our theoretical reconstruc-
tion of ρA with an independently taken experimental data
set (see Appendix B). Our analysis is based on existing
experimental data sets published in [4] involving quench
dynamics, followed by local random rotations and pro-
jective single spin measurements.

In the remainder of the paper we will discuss the con-
struction of the ansatz and its operator content. We will
develop and illustrate EHT in context of the 1D antifer-
romagnetic transverse Ising model with Hamiltonian

HI =
∑
i<j

Jijσ
x
i σ

x
j +B

∑
i

σzi . (2)

Such a spin model is realized with trapped ions, as a long
range Ising model Jij = J/|i− j|η with 0 ≤ η ≤ 3 [3–5],
and for laser excited Rydberg atoms with Van der Waals
interaction η = 6 [2]. Our discussion below will proceed
in three steps. We will first demonstrate EHT applied to
Ising ground states by means of theoretical simulations,
finding that we can compare directly with BW predic-

FIG. 2. Simulation of EHT for ground states of a long-range
transverse field Ising model. a) Parameters βi and γi obtained
from fitting an EH ansatz with local independent paramters
for 3 different values of the transverse field across the phase
transition. The behaviour of the fit parameters reveals the
existence of a local temperature and confirms the spatial de-
pendence predicted by the BW theorem in the short range
correlated phase. b) Required number of measurements in
order to reach an Uhlmann fidelity of 99% with respect to
the exact density matrix, for EHT with NU = 1 and local
variational parameters (EHT), EHT with NU = 1 and 3 pa-
rameters (EHT red.) (see main text) and 2-rank least squares
(LRLS) with NU = 64 c) Eigenvalues of the reduced density
matrix for a subsystem of NA = 8 sites on the right boundary
of a 50-site long-range Ising chain obtained from EHT with
NU = NM = 150 and from an exact Schmidt decomposition
of the ground state (ED). The inset zooms in on the low-lying
part of the Schmidt spectrum, showing Schmidt components
up to a level of 10−7. Error bands are obtained from repeat-
ing the fitting 50 times with different random unitaries and
computing the standard error.

tions with a moderate measurement budget. Second, we
apply EHT to quenches to a critical point. We make an
ansatz supported by CFT predictions to determine the
EH and ES, and compare EHT runs to the exact the-
oretical results. This establishes EHT as framework in
quantum simulation to observe and test features of BW
and CFT in context of lattice models. Finally, we return
to EHT for quench dynamics in experimental trapped-ion
quantum simulation already described in Fig. 1.

EHT for ground states & BW lattice ansatz –
As a first demonstration of EHT we perform numeri-
cal experiments on ground states of a long-range Ising
chain (2) with open boundary conditions and η = 2.5.
For a subsystem A of this system, we employ the base
level ansatz with a deformed system Hamiltonian, i.e.
H̃A =

∑
j<i∈A J̃ijσ

x
i σ

x
j +

∑
i∈A B̃iσ

z
i , and KA = 0. We

study the tomographically constructed EH as a function
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of the transverse field B, crossing the phase transition be-
tween a paramagnetic phase and symmetry-broken phase
with a closing entanglement gap. Here, EHT allows for
an ab-initio test of BW predictions for lattice models, and
enables an efficient reconstruction of the reduced density
matrix from very few measurements.

We apply EHT to a subsystem of NA = 8 sites at
the edge of a N = 50 system, parametrizing H̃A with
independent local variational parameters for the interac-
tion part J̃ij = Jijβi and the local part B̃i = Bγi. We
simulate the procedure by fitting the EH parameters to
NM = 5 · 103 samples taken from the ground state, in
each of NU = 20 random measurement bases, and for
various values of the local field B around the phase tran-
sition. Fig. 2 shows that the resulting EH parameters
β and γ coincide within the error bars, β = γ, reveal-
ing the existence of a local temperature, which shows
that EHT in an experiment provides a framework to test
BW predictions. In the paramagnetic phase, B = 0.88J ,
the system exhibits exponentially decaying correlations
with a correlation length much smaller than the subsys-
tem size. Consequently, the magnitude of the fitted EH
parameters increases linearly with the distance to the en-
tanglement cut, in accordance with BW expectations. In
the antiferromagnetic phase, the correlation lengths far
exceed the subsystem size, and we find that the EH pa-
rameters deviate from BW. In this region, EHT reveals
an additional quadratic spatial variation.

The latter observation suggests an EH ansatz with
fewer variational parameters, where we choose a
parabolic deformation of the EH coefficients J̃ij =

Jij
∑2
k=0 βk(i + j − 1)k and B̃i = B

∑2
k=0 βk(i − 1/2)k.

This ansatz depends only on 3 variational parameters,
independent of the subsystem size. In Fig. 2 we sim-
ulate the EHT procedure while scanning B across the
phase transition. The extracted entanglement spectrum
clearly exhibits the phase transition in the entanglement
gap, and reproduces the smaller eigenvalues down to
∼ 10−5 − 10−7 accuracy.

The low number of fitting parameters allows for an
efficient tomographic procedure requiring very few mea-
surements. Fig. 2 b) shows the scaling for the total num-
ber of measurements NU × NM in order to achieve an

Uhlmann fidelity F(ρ) =
[
Tr(
√√

ρAρ
√
ρA)
]2

exceeding
99% with respect to the exact (theoretical) density ma-
trix, as a function of the size of the subsystem NA, and
for all values of the transverse field. A similar analysis
for highly mixed Gibbs states is shown in the Supplemen-
tary Information. For comparison, the scaling is shown
for two competing tomographic methods, projected least
squares (PLS) [29, 41] and low rank least squares (LRLS)
[42] (see Appendix D). Remarkably, EHT for this par-
ticular example requires measurements only in a single
basis. Typically, tomographic protocols only provide es-
timates for the diagonal elements of the density matrix
in a given measurement basis, thus requiring multiple
measurement bases in order to determine off-diagonal el-
ements. In contrast, in EHT the relation between diago-

FIG. 3. Simulation of EHT for a global quench in the criti-
cal Ising model. a) Spin-spin correlation functions 〈σz1σzd〉 −
〈σz1〉 〈σzd〉 as a function of time. Consistent with a quasi-
particle picture, two spins at site 1 and d become correlated at
time ct = d/2 due to a pair of quasi-particles generated at site
d/2 at t = 0 which travel in opposite directions with speed
c/J ≈ ±2 (yellow arrows). b) von Neumann entropies for
NA = 5 as a function of time obtained from EHT with and
without momentum terms included in the ansatz and with
NU = NM = 150. Error bands are obtained by calculating
the standard deviation after repeating the fitting 100 times.
(c) Discovery of momentum contributions by measuring the

maximum fidelity Fmax(ρA, e
−H̃A(g̃)) between the exact den-

sity matrix ρA and e−H̃A(g̃) obtained from the EHT. The error
band is estimated with NU = 500 and NM = 150. Including
momentum terms leads to a significant fidelity enhancement
in regions I and III.

nal and off-diagonal elements is fixed by the ansatz, and
measurements of the diagonal suffice to determine the
entire matrix.

EHT for quench dynamics near criticality – Here
we test and verify a quasi-local ansatz for the EH in
quench dynamics by simulating EHT measurement runs.
We focus in particular on global quenches in critical lat-
tice models, where such an ansatz is suggested by CFT.
Here, EHT allows not only for the reconstruction of such
states near criticality with very few measurements, but
terms beyond the base level EH ansatz (KA 6= 0) also
reveal underlying physical phenomena connected to en-
tanglement growth and quasi-particle spreading (see also
[43]).

We consider the Ising model (2) with nearest-
neighbour interactions, i.e. η → ∞. Starting with a
short-range entangled ground state in the gapped para-
magnetic phase at B = 2.5J , we perform a quan-
tum quench of the transverse field to a value Bc =
0.97J close to the critical point, predominantly pop-
ulating the low energy part of the many-body spec-
trum. The ansatz for the time-dependent EH is moti-
vated by the (continuum) EH obtained in CFT which



5

FIG. 4. EH local parameters obtained from simulation of
EHT, and fidelity for quench dynamics in a critical Ising chain
a)-c) Parameters of the fitted EH, where J̃i,i+1 and B̃i cor-

respond to terms present in the energy, and J̃XYi,j account

for lattice momenta. Panel c) highlights the coefficient JXY1,2

showing the different signs of the couplings depending on the
propagation direction of quasi particles. Panel d) shows EHT
reaching a significantly smaller infidelity of the estimated den-
sity matrix ρA(g̃) at time Jt = 7 with less simulated experi-
mental runs NMNU than other tomographic techniques.

provides an effective low-energy description of the crit-
ical Ising model [15]. As elaborated in the Supple-
mentary Information, the EH in a CFT is composed
of energy T00(x) = H(x) and momentum T01(x) =
P(x) densities. Their lattice analogs can be defined as
hi = Ji,i+1σ

x
i σ

x
i+1 +Bσzi and pi = i[hi+1, hi] ∼ σxi+1σ

y
i ,

respectively [44]. Thus, we choose EH ansätze of the form

H̃A =
∑
i∈A

(
J̃i,i+1σ

x
i σ

x
i+1 + B̃iσ

z
i

)
+KA, with free fit

parameters J̃i,i+1 and B̃i. Here, KA accounts for pos-
sible momentum contributions.

In Fig. 3, we compare the performance of the base level
EHT ansatz (i.e. KA ≡ 0) and with an EHT ansatz where

momentum contributions KA =
∑
〈i,j〉∈A J̃

XY
i,j σxi σ

y
j with

free fit parameters J̃XYi,j have been added. Here, 〈i, j〉
denotes nearest-neighbor sites. We choose a subsystems
of NA = 5 qubits at the edge of a total system with
N = 22 lattice sites. We sample NM = 150 projective
measurements in NU = 150 measurement settings from
the simulated quantum state, to which both ansätze are
fitted according to Eq. (A1). In accordance with a picture
of long-lived pairs of quasi-particles [15], generated at
t = 0 and traveling with speed c = 2J [see Fig. 3 a)], we
observe three distinct regions in the time evolution.

At early times, in region I, the entanglement entropy
[Fig. 3 panel b)] is increasing linearly. The inclusion of
momentum terms in the EHT ansatz leads to a signifi-
cantly improved fidelity of the estimated density matrix
[Fig. 3 panel c)]. The couplings J̃i,i+1, J̃XYi,j and fields

B̃i are of similar magnitude and dynamically oscillating
[Fig. 4 (a-c)]. In addition, we show in the Supplementary

Information that momentum contributions of the form
σxi σ

y
j are the only type of 2-body terms that lead to a

significant fidelity enhancement in region I, when added
to the EH ansatz. This is consistent with CFT predici-
tions for non-vanishing quasi-particles currents entering
subsystem A [13, 15], and thus demonstrates the ability
of EHT for the discovery of physical phenomena.

At ct ≈ NA, the entanglement entropy saturates,
and remains constant throughout region II. Here, both
ansätze yield the same fidelity [Fig. 3 panel c)], and the
entanglement Hamiltonian is determined by the energy
densities hi only, multiplied with an effective, inverse
temperature βi [Fig. 4 panels (a-c)]. Consistent with the
CFT prediction [13, 16, 40] and the eigenstate thermal-
ization hypothesis [45–48], βi is constant far from the
entanglement cut, and decreasing towards the boundary.

In region III, we observe a dip in the entanglement en-
tropy at ct ≈ N which reflects the (approximate) revival
of the initial state due to the finite system size [15, 49]. At
this time, pairs of quasi-particles that have been reflected
at the boundaries meet again at their origins. The EH pa-
rameters show dynamical oscillations and non-vanishing
momentum terms accounting for traveling quasi-particles
leaving the subsystem A. In this region, both fidelities
shown in Fig. 3 are decreasing, whereby the ansatz in-
cluding momentum terms still performs significantly bet-
ter. This shows that even an ansatz including both en-
ergy and momentum densities can not fully represent
the actual entanglement Hamiltonian in region III. In
principle, the fidelity of the reconstructed density ma-
trix can be enlarged via a systematic inclusion of ad-
ditional terms, thereby discovering the relevant higher
order terms in the EH. This highlights the potential of
EHT to provide insights on form and structure of the
EH, in regimes without theoretical predictions.
EHT in experimental quench dynamics – Fi-

nally, we return to the quench experiments already de-
scribed in Fig. 1, a system for which CFT is a priori
not applicable. Nevertheless, we will demonstrate that
EHT provides a systematic way of constructing a verifi-
able estimate of the reduced density matrix, with an EH
built from quasi-local few-body operators. The experi-
mental data was taken in a trapped-ion quantum sim-
ulation experiment for quench dynamics with N = 10
to 20 spins [4]. In this experiment, an initial product
state was prepared as a Néel state |↑↓↑ . . .〉, with sub-
sequent time evolution under the transverse field Ising
Hamiltonian (2) with η ≈ 1.24 and B � J , effectively
implementing magnetisation conserving exchange inter-
actions, HI =

∑
i<j Jijσ

+
i σ
−
j + H.c.+B

∑
i σ

z
i . A large

amount of data was collected in randomized measure-
ment bases at various points in time, in order to measure
second order Renyi entropies. We now apply EHT to
these datasets, while we refer to Appendix E for technical
details of how to adapt EHT to account for decoherence
and measurement imperfections.

In Fig. 5 we consider EHT on 10 and 20 ion data with

ansätze of the form H̃A(g̃) =
∑
ij∈A

(
J̃ijσ

+
i σ
−
j + H.c.

)
+
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FIG. 5. Experimental verification of EHT in quench dynam-
ics on 10 and 20-spin trapped-ion quantum simulators – Max-
imum fidelity Fmax (see Appendix B) of the tomographically
reconstructed density matrix ρA(g̃) (see Eq. (A2) in Appendix
E, with p = 0.039 (10 ions) and p = 0.070 (20 ions) inferred
from the initial state) for subsystems of 5 spins (shown as
insets) with respect to a distinct data set for different ansatz
complexities, starting from a deformed system Hamiltonian
HA, and subsequently including correction terms KA listed in
Appendix C. EHT was performed on a data set consisting of
NU = 200 unitaries and the maximum fidelity was estimated
with respect to the remaining data (300 unitaries). Error bars
are obtained by Jackknife resampling.

∑
i∈A B̃iσ

z
i + KA. We test various levels of ansatz com-

plexity on the data, each time evaluating its performance
with the verification protocol described in Appendix B.
The straightforward deformation of the system Hamilto-
nian (i.e., KA = 0) yields rather low fidelities, suggesting
that additional terms need to be added. We consider
momentum terms (see K(1)

A ,K(2)
A in Eqs. (C1, C2) in Ap-

pendix C), as suggested by CFT (see Fig. 4), improving
the fidelity to above 70% almost everywhere. Further im-

provement can be gained by adding corrections K(3)
A ,K(4)

A
consisting of all possible 2 and 3 body operators that con-
serve the magnetization in the subsystem (see Eqs. (C3,
C4) in Appendix C), as we expect the reduced density
matrix to be block-diagonal in the various magnetization
subsectors, on behalf of the global Hamiltonian conserv-
ing that symmetry. The latter two additions boost the
experimentally verified fidelity into the 80%−95% regime
for the 20-ion dataset, and fidelities in the 94% − 99%
regime for the 10-ion data in Fig. 1 and Fig. 5. These
high fidelities allowed also for the determination of the
von Neumann entropy, as shown in Fig. 1, in excellent
agreement with theory simulations.

Conclusions and Outlook – EHT based on a quasi-
local ansatz for the EH provides an efficient technique to
determine EH from few measurements for ground states
and quench dynamics of lattice models, on behalf of a
polynomial number of fitting parameters. While such a
parametrization is originally suggested by physics under-
lying BW for ground states and CFT for quenches to
the critical point, this ansatz can be systematically ex-
tended, tested and experimentally verified – or falsified –
in a much broader setting. This includes generalizations
to higher spatial dimensions, and bosonic and fermionic
systems, whereas we do not expect to cover states with-

out efficient few-parameter description, as generated for
instance by random quantum circuits [50]. We have
demonstrated the application of the protocol to exper-
imental data for quench dynamics from a trapped-ion
simulator, allowing us to extract entanglement properties
including high-precision ES and Von Neumann entangle-
ment entropies. The present results provide opportuni-
ties for a systematic and scalable experimental study of
entanglement properties for equilibrium phases and non-
equilibrium phenomena in today’s quantum simulators
[2, 3, 6].
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Appendix A: Entanglement Hamiltonian
Tomography

In EHT we construct an estimator of the state ρA
of the form ρA(g̃) = exp[−H̃A(g̃)]/Z(g̃), with Z(g̃) =

Tr
(

exp[−H̃A(g̃)]
)

a constant to ensure unit trace. The

ansatz for the entanglement Hamiltonian H̃A(g̃) is con-
structed from quasi-local few-body operators, as detailed
in the main text. The (polynomially many) real-valued
coefficients g̃ of each of the operators are inferred from
quantum measurements on ρA. In particular, we consider
measurements of bitstrings s in the computational basis
after randomized local rotations U =

⊗
i∈A ui, where ui

is a local basis rotation at site i, and is sampled from a
unitary 2-design [28]. Denoting by PU (s) the frequency
of having observed a particular bitstring s in the experi-
ment, one can define a cost function

χ2 =
∑
U

∑
s

[
PU (s)− Tr

(
ρA(g̃)U |s〉 〈s|U†

)]2
, (A1)

which is to be minimized over the parameters g̃ of the
estimator. Our protocol thus learns the quasi-local EH
from data, in contrast to the learning of quasi-local sys-
tem Hamiltonians from pure (eigen-) states [52–54]. We
note that choices of cost-functions and random unitary
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ensembles [55] other than in Eq. (A1) are possible, and
devote their detailed investigation to future work.

Extracting the EH and ES from experimental data, as
described in context of Fig. (1), requires the EHT proto-
col outlined above to be adapted to account for decoher-
ence and imperfections. First, the experimental time evo-
lution will be weakly coupled to an environment, which
in the present case is well modeled by a dephasing mas-
ter equation [4, 30]. Second, experimental randomized
measurements suffer from coherent rotation errors on the
percent level, as the dominant error source in the exper-
iment, and possibly spin imperfect readout [30]. In the
Supplementary Information, we argue, supported by de-
tailed numerical simulations and previous work, that im-
perfect initial state preparation and measurement errors
are well accounted for by a local depolarizing channel,
i.e. we modify our ansatz for EH in Eq. (A1) to

ρA(g̃, p) ≡ (1−NAp)ρcoh
A (g̃) + p

∑
i∈A

Tri
[
ρcoh
A (g̃)

]
⊗ 1i

2
,

(A2)
introducing a depolarization parameter p. In practice,
we infer the parameter p from the initial state at t = 0,
fitting the ansatz (A2) with ρcoh

A = |Ψ0〉 〈Ψ0|. At sub-
sequent times we fix the parameter p and perform EHT
using the ansatz(A2) with ρcoh

A (g̃) = exp[−H̃A(g̃)]/Z(g̃).
While EHT is efficient in the number of measurements

required, presently (A1) is implemented as classical
postprocessing of probabilities PU (s) measured on the
quantum device, with corresponding requirements on
classical computing, i.e. feasible for subsystem sizes
NA not much larger than 12. Recent ideas [29, 53]

allow, in principle, the determination of H̃A(g̃) in a
scalable way, up to an unknown scaling factor for the
coefficients g̃. Determining the scaling factor, corre-
sponding to the inverse temperature, opens interesting
perspectives for measuring entanglement properties for
larger subsystems. Variational quantum algorithms
are potential candidates for extracting entanglement
properties on a larger scale [56, 57]. In unpublished work
we have developed hybrid classical-quantum algorithms
where classical optimization of variational parameters is
preceded by in situ quantum postprocessing operations
on ρA, with spins representing A acting as quantum
memory.

Appendix B: Verification & Fidelity Estimation

We determine a (mixed-state) fidelity between the ex-
perimental quantum state under study, described by the
density matrix ρA ≡ ρ1, and the reconstructed density
matrix from EHT, ρA(g̃) ≡ ρ2. To this end, we consider
the fidelity [58]

Fmax(ρ1, ρ2) =
Tr(ρ1ρ2)

max{Tr(ρ2
1),Tr(ρ2

2)}
, (B1)

which measures the overlap between ρ1 and ρ2, respec-
tively, normalized by their purities. As shown in Ref. [30],
Fmax(ρ1, ρ2), i.e. terms of the form Tr(ρiρj) for i, j = 1, 2,
can be evaluated from second-order cross-correlations be-
tween the outcomes of randomised measurements. We
set P

(1)
U (s) the frequency of having observed a particular

bitstring s in the experiment (where ρA is realized) and

P
(2)
U (s) = Tr

(
ρA(g̃)U |s〉 〈s|U†

)
. Then, we obtain the

overlap Tr(ρiρj) for i = 1, j = 2 and purities Tr(ρiρj) for
i = j = 1, 2 via [30]

Tr(ρiρj) =
2NA

NU

∑
U

∑
s,s′

(−2)−D[s,s′]P
(i)
U (s)P

(j)
U (s′),

(B2)

where the Hamming distance D[s, s′] between two
strings s and s′ is defined as the number of lo-
cal constituents where sk 6= s′k, i.e. D[s, s′] ≡
# {k ∈ {1, . . . , NA} | sk 6= s′k}.

Eq. (B2) provides a direct experimental verification
of the fidelity of the reconstructed density matrix,
requiring no further theory input such as simulations,
and can be evaluated from the same type of randomised
measurements employed for EHT. Importantly, the
measurements used for fidelity estimation should be
independent from those used in EHT, to avoid false
correlations and biasing. We note also that in principle
more advanced measurement schemes exist, performing
importance sampling on (B2), thereby dramatically
reducing the number of measurements required [59, 60].

Appendix C: Operator content of the EHT ansatz
for quench experiments

In order to achieve good fidelities for EHT on quench
experiments (see Fig. 1), the EHT ansatz H̃A(g) needs
to be amended with additional operators KA whose coef-
ficients provide additional free fit parameters. CFT sug-
gest lattice momenta, obtained from commutators of var-
ious terms of HA, of the form

K(1)
A =

∑
k<l∈A

J̃XYkl (σxkσ
y
l − σ

y
kσ

x
l ), (C1)

K(2)
A =

∑
k<l

∑
m 6=k,l

J̃XY Zklm (σxkσ
y
l σ

z
m − σ

y
kσ

x
l σ

z
m). (C2)

Further improvements of the fidelity are obtained by in-
cluding magnetization conserving operators of the form

K(3)
A =

∑
k<l∈A

J̃ZZkl σ
z
kσ

z
l +

∑
k<l<m∈A

J̃ZZZklm σzkσ
z
l σ

z
m, (C3)

K(4)
A =

∑
k<l

∑
m6=k,l

J̃XXZklm (σxkσ
x
l σ

z
m + σykσ

y
l σ

z
m). (C4)
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Appendix D: Quantum State Tomography

For comparison with EHT, we consider in the main
text two further well-known tomographical methods, Low
Rank Least Squares (LRLS) and Projected Least Squares
(PLS). Similar to EHT, these methods attempt to con-
struct a density matrix estimator, ρ(X), depending on
parameters X, by matching predictions of the estimator
in a least squares sense with experimental observations
from local measurements performed on independent sin-
gle copies of the density matrix. Here, the same cost
function defined in Eq. A1 is minimized, replacing g̃ with
X, with the only difference between LRLS and PLS being
the form of the ansatz ρ(X).

Low-Rank Least Squares (LRLS) [42] takes as an
ansatz ρ(X) = X†X, i.e. matrices that are by construc-
tion positive semidefinite. Since the true density matrix
is in practice often not full rank, X can be a rectangular
(complex valued) r × d matrix, with r the rank of the
density matrix estimator. The total measurement effort
needed to obtain a fixed precision scales proportional to
the number of unknown variables, i.e. the r×d entries of
X. This method comes with a substantial computational
overhead associated with determining the r×d unknown
variables.

Projected Least Squares (PLS) [41, 61] consists of
first finding the Hermitian, but not necessarily positive
semidefinite, matrix that would produce the observations
exactly. This can be done analytically, thereby eliminat-
ing the computational overhead of LRLS. For a given
set of measurement results in the computational basis,
obtained after applying basis transformations U, the re-
sulting matrix is given by

ρRT =
∑
s,s′

∑
U

PU (s)(−2)−D[s,s′]U |s′〉 〈s′|U†, (D1)

with D[s, s′] the Hamming distance defined in Eq. (B2).
For the randomised local unitary transformations U con-
sidered here, the estimator ρRT is the one obtained in
randomised tomography [62] and shadow tomography
[29].

The matrix (D1) is generally not positive semi-definite,
and hence does not represent a physical density matrix.
However, the matrix can be projected onto the space of
positive semi-definite matrices via a simple procedure, by
rescaling the eigenvalues and truncating them to positive
values [21]. Again, the scaling of the number of measure-
ments needed to obtain a certain fidelity is exponential
in the system size and proportional to r × d, where r is
a measure of the effective rank of the reduced density
matrix.

Appendix E: Entanglement Hamiltonian
Tomography in the Presence of Decoherence and

Imperfections

Entanglement Hamiltonian Tomography (EHT) in
quench dynamics is based on an ansatz for the EH involv-
ing quasi-local few-body terms. A priori, theoretical con-
siderations support such an ansatz for subsystem density
matrices arising in closed system dynamics. However, for
the experiment discussed around Fig. 1 in the main text,
we have to deal with various sources of imperfections.
The most important are i) Decoherence during time evo-
lution, i.e. spin-flip errors and spontaneous emission; ii)
Imperfect preparation of the initial state; iii) Calibration
errors of the random unitaries applied on the quantum
hardware.

Below we provide a detailed analysis of EHT including
decoherence and measurement errors, in the context of
the experiment described in the main text. In particu-
lar we show, by taking into account experimental error
rates, that decoherence during time evolution is negligi-
ble, and that the quality of the density matrix extracted
from EHT is only marginally affected. Furthermore, we
show that the miscalibration of random unitaries on the
quantum hardware, can be mitigated by modifying the
ansatz for the reduced density. This is achieved with the
ansatz

ρA(g̃) = (1− pN)ρcoh
A (g̃) +

∑
i

Tri(ρ
coh
A (g̃))⊗ 1i, (E1)

with p a parameter describing local depolarising noise.
Fitting with such an ansatz allows to extract the coher-
ent part ρcoh

A (g̃) and thus to partially mitigate measure-
ment errors. Below we discuss these error sources one by
one, providing justification for the above noise model in
context of the experiment.

Decoherence during time evolution – We numerically
simulate the dynamics for an ion string of N = 10 sites,
governed by the Hamiltonian

HXY

h̄
=
∑
i,,<i

Jij
(
σ+
i σ
−
j + H.c.

)
+B

∑
i

σzi . (E2)

with Jij ∼ 1/|i − j|γ and γ ≈ 1.24. The initial state is
modeled as

ρ0 =

N⊗
i=1

(
pi 0
0 1− pi

)
(E3)

with pi = 0.004 for i even and pi = 0.995 for i odd,
resulting in a total initial purity of Tr(ρ2

0) ≈ 0.91. The
time evolution is calculated by numerically integrating
the Lindblad master equation

ρ̇(t) = − i
h̄

[HXY , ρ(t)]

+
∑
i

1

2

[
2Ciρ(t)C†i − ρ(t)C†iCi − C

†
iCiρ(t)

]
.

(E4)
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FIG. E.1. Theoretical simulation of EHT for quench dynam-
ics in the long-range XY-model including local decoherence. a)
Schmidt decomposition as a function of time during coherent
and dissipative dynamics for a subsystem of NA = 5 shown
as an inset. Orange points represent the eigenvalues of the

ansatz ρA(g̃) fitted to the density matrices ρ
(d)
A (t) = TrĀ[ρ(t)]

with ρ(t) obtained from (E4). b) Maximum fidelities for an

ansatz e−H̃A(g̃) fitted on ρA(t) (obtained from coherent dy-
namics) with respect to ρA(t), and for the ansatz ρA(g̃) (see

main text) fitted on ρ
(d)
A (t) with respect to ρ

(d)
A (t).

Here the jump operators describe local spin-flips Ci =√
γFσ

x
i (for i = 1 . . . N) and spontaneous decay of the

ions Ci+N =
√
γDσ

−
i (for i = 1 . . . N) respectively. The

simulation is performed using the experimental decay
rates γD ≈ γF ≈ 0.7 s−1. To a good approximation the
dynamics is constrained to a subspace of constant total
magnetization Sztot =

∑
i σ

z
i , which is a decoherence-free

subspace with respect to global dephasing.

Fig. E.1 a) shows the Schmidt decomposition for a sub-
system of NA = 5 sites at the boundary as a function of
time, resulting from coherent time evolution, as well as
from integrating the master equation (E4). Clearly, the
decoherence has only a small effect on the Schmidt val-
ues, and does not vary significantly over time. We fit an

ansatz of the form ρA(g̃) = e−H̃A(g̃) to the reduced den-

sity matrices ρ
(d)
A (t) = TrĀ[ρ(t)] extracted from states

ρ(t), which include dissipation. The ansatz for the EH is
equivalent to the ansatz described in the main text, i.e.

contains 3-body terms including K(3)
A and K(4)

A (see Ap-
pendix C). For the analysis described here, we adopt the
Frobenius norm of the matrix difference ||ρdA(t)− ρA(g̃)||
as a cost function for the fitting. As shown in Fig. E.1
a), the Schmidt decomposition obtained from the ansatz

ρA(g̃) coincides well with the eigenvalues of ρ
(d)
A . Fig. E.1

b) demonstrates the performance of EHT on states from

coherent and dissipative dynamics, by showing the max-
imum fidelity with respect to the exact reduced density
matrices as a function of time. Fig. E.1 shows that the
ansatz is capable of describing dissipative dynamics, ac-
companied by a small drop in fidelity of the order of
1-2%. We attribute this to the fact that dissipation typ-
ically suppresses off-diagonal elements in ρA, causing a
simple structure of the reduced density matrix which can
be described by a quasi-local EH ansatz.

– Measurement errors. Measurement errors in EHT
predominately arise from local decoherence (local depo-
larisation) during the application of the local random uni-
taries, and due to unitary errors in the realization of the
random unitaries caused by small miscalibrations of the
quantum hardware. As analysed in detail in Ref. [63],
such miscalibration effects can be modeled by assuming
that, instead of a unitary UA, the device implements a

unitary WA = UAVA with VA =
⊗NA

j=1 exp [ihj(ν)]. Here

hj(ν) are random hermitian matrices for the particles
i ∈ A, where the real and imaginary part of each ma-
trix element is independently distributed according to
the standard normal distribution with mean value zero
standard deviation ν. Thus ν quantifies the value of mis-
calibration, with ν = 0 corresponding to a perfect match
between the unitaries. Averaging over VA, one can show
[63], that such miscalibration effectively acts as local de-
polarisation noise.

We can thus try to correct for effects of local decoher-
ence and miscalibration, by modifying the EHT ansatz
with a local depolarising channel with a variational pa-
rameter p. Fitting Eq. E1 to experimentally observed fre-

quencies allows then to extract e−H̃A(g̃) from the ansatz.

In the following, we test this approach on a represen-
tative state, obtained from numerically simulating coher-
ent dynamics with the Hamiltonian (E2) for 10 sites. We
simulate EHT for NA = 5 sites on the boundary, sam-
pling the reduced density matrix with the unitaries WA

while frequencies from the EH ansatz are obtained using
the unitaries UA. To mimic the experimental situation,
we choose NU = 500 unitaries and NM = 150 samples
per unitary.

Fig. E.2 a) compares the maximum fidelities obtained

by the standard procedure of fitting the ansatz e−H̃A(g̃)

to the data, and by optimizing the ansatz (E1) with sub-

sequent extraction of the e−H̃A(g̃)-part as function of the
level of miscalibration ν. The fidelity is calculated with
respect to the theoretically exact reduced density matrix,
obtained from simulating coherent dynamics. Fig. E.2 b)
shows the rising trend of the p-parameter obtained from
the fitting as the level of miscalibration increases. As
demonstrated in Fig. E.2, this procedure allows to par-
tially filter out calibration errors of the random unitaries,
keeping the maximum fidelity on a high level as a func-
tion of miscalibration ν.
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FIG. E.2. EHT with a modified EH ansatz on miscalibrated
random measurements. a) Maximum fidelities with respect
to the exact density matrix ρA obtained from simulation of
coherent dynamics. Black points show the fidelity obtained

by fitting with an ansatz of the form e−H̃A(g̃). For the or-
ange points EHT is performed using the ansatz Eq. (E1) and
the coherent part is extracted from the result via ρcoh

A (g̃) =

ρA(g̃)(1−NAp)−1−p(1−NAp)−1∑
i∈A Tri

(
e−H̃A(g̃)

)
⊗1i/2.

The fidelity is calculated with respect to ρcoh
A (g̃).

Appendix F: EHT for Gibbs states

Here we investigate EHT for Gibbs states ρA = e−βHA

for a Hamiltonian HA and inverse temperature β. In
particular, we perform a scaling analysis of the required
number of experimental runs with system size, for dif-
ferent temperatures. Our numerical results demonstrate
that EHT provides a significant advantage in terms of
the required number of measurements compared to PLS
tomography. This holds in particular for Gibbs states
at high temperatures (small β) where ρA has high rank,
and thus tomographic methods based on low-rank as-
sumptions are not efficiently applicable.

To be specific, we consider Gibbs states ρA = e−βHA

for the transverse-field Ising model

HA = J
∑
i∈A

σxi σ
x
i+1 +B

∑
i∈A

σzi (F1)

with J = 1 and B = 0.9 as the underlying Hamiltonian.
In Fig. F.1 a), we display the Von Neumann entropy of
ρA for a system size of NA = 9 as function of the in-
verse temperature β, showing that small β correspond to
highly mixed states.

To perform EHT on ρA, we make an ansatz

ρA(g̃) = exp
(
−H̃A(g̃)

)
(F2)

with the EH H̃A(g̃) as a deformation of the Ising Hamil-
tonian

H̃A(g̃) =
∑
i∈A

J̃iσ
x
i σ

x
i+1 +

∑
i∈A

B̃iσ
z
i , (F3)

FIG. F.1. Scaling analysis for EHT on Gibbs states a) Von
Neumann entropy for thermal states of the transverse-field
Ising model as a function of β for a subsystem of NA = 9
sites. b)-f) scaling analysis for PLS and EHT with the EH
ansatz given in the main text. The panels show the num-
ber of measurements NUNM required to reach an infidelity of
ε = 10−2 with respect to the exact density matrix ρA, as a
function of the subsystem size NA. For EHT NU = 2 and for
PLS NM = 1 are fixed.

with free fit parameters J̃i and B̃i. We numerically sim-
ulate NUNM randomized measurements on ρA and fit
ρA(g̃) to the outcomes, according to Eq. (A1).

In Fig. F.1 panels b-d), the number of required ran-
domized measurements NUNM is plotted to achieve an
Uhlmann infidelity of ρA(g̃) to ρA below the threshold
of 10−2. Additionally, we show the required number of
measurements for quantum state tomography using pro-
jected least squares (PLS) (see Appendix D). Our analy-
sis is compatible with a sub-exponential scaling of EHT,
and consistent with rigorous results from Hamiltonian
learning on Gibbs states [27]. In particular, this scaling
persists for all shown temperatures, with an increasing
absolute number of measurements with raising temper-
ature, by approximately one order of magnitude from
β = 5 to β = 0.2.

Appendix G: Conformal Field Theory &
Entanglement Hamiltonian

Here we provide a brief discussion of Conformal Field
Theory and Entanglement Hamiltonians as background
for discussions in the main text.

Conformal field theory (CFT) in (1 + 1) dimensions
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provides us with explicit expression for entanglement
(modular) Hamiltonians [16, 40]. For connected subsys-
tems A, it has been shown that for a broad range of
CFT states, including ground states, thermal states and
states generated via quench dynamics, the entanglement
Hamiltonian density HE(t, x) can be written in terms of
the energy momentum tensor T (x, t) multiplied with a
local weight factors [16, 40]. This suggests ansätze for
the EH also for the lattice models considered in this
work, which, complemented with additional few body
terms, provide an accurate description of the EH, even
beyond the regime of applicability of a CFT description
(see e.g. Fig. 1 of main text).

In the following, we briefly summarize CFT predic-
tions for entanglement Hamiltonians. We take A = [0, l]
to be a partition at the end of a system S = [0, L], with
L � l much larger than any length scale in the sys-
tem, such that the right boundary L can be neglected.
We consider a quantum quench from an initial state
|ψ0〉 ∼ e−(β0/4)HCFT |b〉 where b〉 is a conformally invariant
boundary state and β0 > 0 introduces a finite correlation
length ` ∼ β0 [15, 16, 40]. It has been shown that in this
setting, |ψ0〉 represents generic ground states of Hamilto-
nians H0 with inverse mass gap m−1

0 ∼ β0 [15]. For this
initial state, the entanglement Hamiltonian

e−HE(t) = TrA
[
e−iHCFTt |ψ0〉 〈ψ0| eiHCFTt

]
(G1)

can be calculated for all times t exactly via a conformal
mapping to an annulus. While we refer for the general
result to Refs. [16, 40], we consider here illustrative lim-
iting cases.

a. Ground state with long-range correlations For
β0 � l, |ψ0〉 is locally indistinguishable from the ground
state of the CFT |ψGS〉. The partition size l is the only re-
maining length-scale and the entanglement Hamiltonian
is given by the Hamiltonian density H(x) modified with
a parabolic weight factor [16, 39, 40, 64]

HE(0)|β0�l '
∫ l

0

dx
l2 − x2

2l
H(x) . (G2)

We note that this is a direct CFT generalization of the
Bisognano-Wichmann theorem to describe the entangle-
ment Hamiltonian in a finite interval A = [0, l] embedded
in a semi-infinite system [16, 40]. As expected, close to
the entanglement cut at x = l, the local weight factor
increases linearly ∼ (l − x).

b. Ground state with short-range correlations For
β0 � l, |ψ0〉 represents the groundstate of a generic
many-body Hamiltonian with (short) correlation length
β0 [15, 16, 40]. The entanglement Hamiltonian is given
by [16, 40]

HE(0)|β0�l ' β0

∫ l

0

dx sinh

[
2π

β0
(l − x)

]
H(x) . (G3)

For a short range entangled state, the dominant contri-
bution to the Schmidt spectrum (i.e. to the entangle-
ment between A and the remainder of the system) is

expected to arise from regions close to the entanglement
cut (l− x)� β0. Here, the hyperbolic weight factor can
be expanded to linear order ∼ (l − x), as expected from
the Bisognano-Wichmann theorem. Contributions from
far from the boundary, where the entanglement Hamil-
tonian density is large, are exponentially suppressed.

c. Quantum quench For general t > 0, the entan-
glement Hamiltonian receives contributions from energy
T00(x) = H(x) and momentum T01(x) density [16, 40].
The latter can be interpreted as emerging quasi-particle
currents spreading entanglement through the system [13]
and can be represented as additional few body (momen-
tum) terms in the EH (see main text and App. H). At
long times t � l � β0, when the system approaches
thermal equilibrium, the expressions considerably sim-
plify. The contributions from the momentum density
vanish and the entanglement Hamiltonian HE(t→∞) '∫ l

0
dxβ(x)H(x) is determined by [16, 40]

β(x) = 2β0
sinh [π(l − x)/β0] sinh [π(l + x)/β0]

sinh [2πl/β0]
(G4)

Remarkably, HE(t→∞) equals exactly to the entangle-
ment Hamiltonian in the thermal state [16, 40]

exp[−HE(t→∞)] = TrA [exp(−β0HCFT)] . (G5)

Thus, CFT provides an explicit demonstration of the
eigenstate thermalization hypothesis [45–48]. The weight
factor β(x) can be interpreted as a spatially varying (in-
verse) temperature. Close to the edge x ∼ l, β(x)−1

is largest as entropy is generated at the entanglement
cut. With the distance from the cut, the temperature
decreases, and saturates to the thermal value β(0)−1 =
β−1

0 .

Appendix H: Ansatz extensions beyond CFT

In the analysis of a global quench in the quantum Ising
model near criticality (see main text), we discuss the in-
clusion of lattice momentum terms in the EH ansatz,
describing propagation of quasi particles spreading en-
tanglement. It is noted that such terms lead to a sig-
nificant enhancement of the ansatz at early times after
the quench. In the following we quantify the role of such
terms by analysing the density matrix fidelities with re-
spect to the exact ρA as a function of time. In partic-
ular we demonstrate that terms corresponding to lattice
analogs of the momentum density are the only type of
2-body terms which yield an enhancement in approxi-
mating the theoretically exact density matrix ρA. This
is consistent with and provides a testbed for the validity
of effective CFT predictions in lattice models (see also
main text and App. G).

In addition to the situation described in the main
text, we include 2-body Pauli terms into the EH ansatz

Kα,βA =
∑
i,j σ

α
i σ

β
j , with α, β = {x, y, z} denoting the

Cartesian coordinates. Fig. H.1 shows the fidelities with
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FIG. H.1. Density matrix fidelities for differnt EH ansatz
extensions in a global quench to the critical point of the quan-
tum Ising model. Uhlmann fidelities of the ansatz ρA(g̃) =

e−H̃A(g̃) with H̃A(g̃) =
∑
i J̃i,i+1σ

x
i σ

x
i+1 +

∑
i B̃iσ

z
i +KA with

respect to the theoretically exact density matrix ρA as afunc-
tion of time. The extensions KA consist of 2-body Pauli terms
as depicted in the insets.

respect to the exact density matrices ρA(t) for different
ansatz extensions KA as a function of time. While adding
XY -terms, which correspond to lattice momentum con-
tributions, yield a fidelity enhancement in region I [pan-
els b) and f)], other types of 2-body terms [panels (c-
e)] do not improve the achievable fidelity. In region III,
where quasi particles propagate back into the subsystem,
2-body terms do not suffice to push the fidelity above the
90% threshold. In this region additional 3-body terms
have to be included in the ansatz.
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